In this paper, we focus on the fixed-circle problem on metric spaces by means of the multivalued mappings. We introduce new multivalued contractions using Wardowski's techniques and obtain new fixed-circle results related to multivalued contractions with some applications to integral type contractions. We verify the validity of our obtained results with illustrative examples.
Introduction and Preliminaries
Fixed-point theory started with the Banach's contraction principle given in [7] : Let (X, d) be a complete metric space and T : X → X be a self-mapping. If there exists a constant L ∈ [0, 1) such that d(T x, T y) ≤ Ld(x, y), for all x, y ∈ X then T has a unique fixed point [7] . This principle is one of the most efficient tools for many existence and uniqueness problems in mathematics. Therefore, the Banach's contraction principle has been generalized with different approaches. One of these approaches is to generalize the used contractive condition (for example, see [9, 11, 13, 17, 21, 30, 38] ). Another approach is to generalize the used metric space (for example, see [4, 6, 19, 26, 27, 28, 39, 41] ). Recently, the fixed-circle problem has been studying as a new approach to generalize the Banach's contraction principle (see [33, 34, 35, 36, 37, 42, 43, 44, 45] ).
On the other hand, fixed-point theory has many applications in mathematical research areas and in the other science branches such as economy, engineering etc. (for example, see [8, 10, 12, 18, 32] ). For this reason, some contraction structures has been studying for both single and multivalued mappings. In the literature, there are some different studies for a multivalued mapping. In 1969, Nadler proved some fixed-point theorems for multivalued contraction mappings using the notion Date: Received: , Accepted: . of Hausdorff metric [29] . Later, in 1975, Dube studied on common fixed-point theorems for multivalued mappings [16] . In 1989, Mizoguchi and Takahashi obtained a multivalued version of Caristi's fixed-point theorem [25] . After then, in 1995, Daffer and Kaneko studied on the paper [25] and obtained some new results [15] . In 2009,Ćirić generalized some known results related to multivalued nonlinear contraction mappings [14] . In 2016, Altun et al. defined a new notion of a multivalued nonlinear F -contraction and obtained some generalized fixed-point results [3] . For further studies one can consult [5, 20, 23, 24] . Now we recall some useful definitions and properties related to multivalued mappings.
Let (X, d) be a metric space. Let P (X) denote the family of all nonempty subsets of X, CB(X) denote the family of all nonempty, closed and bounded subsets of X and K(X) denote the family of all nonempty compact subsets of X. It is obvious that K(X) ⊆ CB(X). The function H : CB(X) × CB(X) → R is defined by, for every A, B ∈ CB(X),
is a metric on CB(X) which is called Hausdorff metric induced by d [22] , where D(x, B) = inf {d(x, y).y ∈ B} . Definition 1.1. [29] Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is called a multivalued contraction if there exists L ∈ [0, 1) such that
for all x, y ∈ X.
Nadler proved that every multivalued contraction mapping has a fixed point on a complete metric space [29] .
More recently, in [46] , Wardowski defined the family of functions as follows: Let F be the family of all functions F : (0, ∞) → R such that (F 1 ) F is strictly increasing, that is, for all α, β ∈ (0, ∞) such that α < β, F (α) < F (β), (F 2 ) For each sequence {α n } in (0, ∞) the following holds lim n→∞ α n = 0 if and only if lim
x and F 4 (x) = ln(x 2 + x)) satisfy the conditions (F 1 ), (F 2 ) and (F 3 ), that is, F i ∈ F [46] .
Let (X, d) be a metric space and T : X → X be a mapping. Given F ∈ F , T is called an F -contraction if there exists τ > 0 such that
Using together with Wardowski's technique and Nadler's technique, Altun et al. introduced the notion of a multivalued F -contraction mapping and proved some fixed-point results for these mappings [2] . Notice that if we consider F (α) = ln α, then every multivalued contraction is also a multivalued F -contraction [2] .
In and generalized some multivalued fixed-point theorems [1] .
Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is called a multivalued F -contraction if F ∈ F and there exists τ > 0 such that
Using this number M(x, y) and the integral type idea, Ojha and Mishra studied some fixed-point results for multivalued mappings [31] . By this approach and Wardowski's technique, Sekman et al. introduced a new concept of the generalized multivalued integral type mapping under F -contraction with some important properties [40] . Definition 1.6. [40] Let (X, d) be a metric space and T : X → K(X) be a mapping. Then T is called an F -contraction of generalized multivalued integral type mapping if there exists τ > 0 such that, for all x, y ∈ X
Very recently, Wardowski's technique has been used in the fixed-circle problem for single valued mappings (see [43, 44] ). At first, we recall the notion of a fixed circle on metric spaces.
Let (X, d) be a metric space. Then a circle and a disc are defined on a metric space as follows, respectively:
Definition 1.7.
[33] Let (X, d) be a metric space, C x 0 ,r be a circle and T : X → X be a self-mapping. If T x = x for every x ∈ C x 0 ,r then the circle C x 0 ,r is called as the fixed circle of T .
In the following definition, it was introduced a new type of a contractive condition related to fixed circle. Definition 1.8. [43] Let (X, d) be a metric space. A self-mapping T on X is said to be an F c -contraction on X if there exist F ∈ F , t > 0 and x 0 ∈ X such that for all x ∈ X the following holds:
Using this new contraction, it was obtained the following fixed-circle (fixed-disc) result.
Then C x 0 ,r is a fixed circle of T . Especially, T fixes every circle C x 0 ,ρ where ρ < r.
Also the above contraction was generalized as follows:
Let (X, d) be a metric space and T be a self-mapping on X. If there exist F ∈ F, t > 0 and x 0 ∈ X such that for all x ∈ X the following holds:
then the self-mapping T is called aĆirić type F c -contraction on X.
Notice that the number m(x, y) coincides with the number M(x, y) for single valued mappings.
By the above motivations, we obtain some new fixed-circle results for multivalued mappings using different multivalued contractions on metric spaces. For this purpose, we define the notions of a multivalued F C -contraction, a multivalued integral type F C -contraction, a multivaluedĆirić type F C -contraction and a multivalued integralĆirić type F C -contraction. Using these new multivalued contractions, we obtain some different approaches on the fixed-circle problem and prove new fixedcircle theorems. In addition, we give some illustrative examples related to the obtained results.
Main Results
In this section, we prove new fixed-circle results on metric spaces. To do this, we define new types of multivalued contractive mappings such as a multivalued F C -contraction and a multivaluedĆirić type F C -contraction with applications to integral type contractions.
2.1.
Multivalued F C -Contractions and the Fixed-Circle Problem. At first, we give the notion of a fixed circle for multivalued mappings as follows:
Definition 2.1. Let (X, d) be a metric space and C x 0 ,r be a circle on X. A circle C x 0 ,r is said to be a fixed circle of a multivalued mapping T : X → CB(X) such that x ∈ T x for each x ∈ C x 0 ,r . Now we define the following new multivalued contraction. Definition 2.2. Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is said to be a multivalued F C -contraction if there exist F ∈ F , τ > 0 and x 0 ∈ X such that
Notice that there is a relation between the notions of a multivalued F C -contraction and an F C -contraction. Indeed, let (X, d) be a metric space and T : X → X be a self-mapping. If T is an F C -contraction, then T can be considered as a multivalued F C -contraction as follows:
Assume that T x = y for x ∈ X. Then we get {x} ⊂ X and {y} ∈ CB(X). So using the F C -contractive property, we obtain
Consequently, T is a multivalued F C -contraction. Using Definition 2.2, we obtain the following propositions. The converse statement of this relation is clear.
Proposition 2.2. Let (X, d) be a metric space and T : X → CB(X) be a mapping.
If T is a multivalued F C -contraction with x 0 ∈ X then we have x 0 ∈ T x 0 .
Proof. Assume that H(T x 0 , A x 0 ) > 0. Then using the multivalued F C -contractive property, we obtain
which is a contradiction since the function F is defined on (0, ∞). Therefore H(T x 0 , A x 0 ) = 0. By Proposition 2.1, we have x 0 ∈ T x 0 .
We give the following fixed-circle theorem.
Theorem 2.1. Let (X, d) be a metric space, T : X → CB(X) be a multivalued F C -contraction with x 0 ∈ X and
Then C x 0 ,r is a fixed circle of T . Also, T fixes every circle C x 0 ,ρ with ρ < r.
Proof. Let x ∈ C x 0 ,r . If H(T x, A x ) > 0 then using the multivalued F C -contractive property and the fact that F is increasing, we obtain
which is a contradiction. Therefore H(T x, A x ) = 0 and by Proposition 2.1, we have x ∈ T x. Now we prove that T also fixes any circle C x 0 ,ρ with ρ < r. Let x ∈ C x 0 ,ρ and suppose that H(T x, A x ) > 0. By the multivalued F C -contractive property, we have
which is a contradiction with the definition of r. Hence H(T x, A x ) = 0 and by Proposition 2.1, we get x ∈ T x.
We obtain the following corollaries. Corollary 2.1. Let (X, d) be a metric space, T : X → CB(X) be a multivalued F C -contraction with x 0 ∈ X and r be defined as in (2.1). Then T fixes the disc D x 0 ,r and hence T fixes the center of any fixed circle.
Proof. If we consider the second part of Theorem 2.1 and Proposition 2.2, then the proof can be easily seen.
Corollary 2.2. Let (X, d) be a metric space, T : X → K(X) be a multivalued F C -contraction with x 0 ∈ X and r be defined as in (2.1). Then C x 0 ,r is a fixed circle of T . Also, T fixes every circle C x 0 ,ρ with ρ < r.
Proof. Since K(X) ⊂ CB(X), by the similar arguments used in the proof of Theorem 2.1, the proof can be easily seen.
Notice that the converse statement of Theorem 2.1 is not true everywhen, that is, a mapping T : X → CB(X) can fix a circle although it is not a multivalued F C -contraction as seen in the following example. 
for all x ∈ X. It is easy to see that T fixes the circle C −1,1 and the disc D −1,1 , but T is not a multivalued F C -contraction with x 0 = −1. Indeed, we get
for all x = x n . So using the symmetry condition and the fact that F is increasing, we obtain
In this case, there is no number τ > 0 to verify the condition of Definition 2.2. Consequently, T is not a multivalued F C -contraction for the point x 0 = −1.
Now we give the following illustrative example. 
for all x ∈ C. Then T is a multivalued F C -contraction with F = ln x, τ = ln 4 3 and x 0 = 0. Indeed, we get H(T x, A x ) = 3 > 0, for x ∈ C with |x| ≥ 4. Then we have d(x, 0) ).
Also we obtain
Consequently, T fixes the circle C 0,3 and the disc D 0,3 .
We note that the number of the fixed circles of the mapping T defined in Example 2.2 is infinite but Theorem 2.1 determine some of them. Definition 2.3. Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is said to be a multivalued integral type F C -contraction if there exist F ∈ F , τ > 0 and x 0 ∈ X such that Using the notion of a multivalued integral type F C -contraction, we obtain the following proposition and a new fixed-circle theorem. Proposition 2.3. Let (X, d) be a metric space and T : X → CB(X) be a mapping. If T is multivalued integral type F C -contraction with x 0 ∈ X then we have x 0 ∈ T x 0 .
Proof. Suppose that H(T x 0 , A x 0 ) > 0. Then using the multivalued integral type F C -contractive property, we have
a contradiction since the function F is defined on (0, ∞). Therefore H(T x 0 , A x 0 ) = 0 and so by Proposition 2.1, we have x 0 ∈ T x 0 . Theorem 2.2. Let (X, d) be a metric space, T : X → CB(X) be a multivalued integral type F C -contraction with x 0 ∈ X and r be defined as in (2.1). Then C x 0 ,r is a fixed circle of T .
Proof. Let x ∈ C x 0 ,r . If H(T x, A x ) > 0 then using the multivalued integral type F C -contractive property and the fact that F is increasing, we obtain
which is a contradiction. Therefore H(T x, A x ) = 0 and by Proposition 2.1, we have x ∈ T x.
We give the following corollary. Corollary 2.3. Let (X, d) be a metric space, T : X → CB(X) be a multivalued integral type F C -contraction with x 0 ∈ X and r be defined as in (2.1). Then T fixes the disc D x 0 ,r and so T fixes the center of any fixed circle.
Proof. By the similar arguments used in the proofs of the second parts of Theorem 2.1 and Theorem 2.2, the proof can be easily proved. 
2.2.
MultivaluedĆirić Type F C -Contractions and the Fixed-Circle Problem. We define the following new contraction called as a multivaluedĆirić type F C -contraction. Definition 2.4. Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is said to be a multivaluedĆirić type F C -contraction if there exist F ∈ F , τ > 0 and x 0 ∈ X such that Let (X, d) be a metric space and T : X → X be a self-mapping. If T is á Cirić type F C -contraction, then T can be considered as a multivaluedĆirić type F C -contraction. Indeed, assume that T x = y for x ∈ X. Then we get {x} ⊂ X and {y} ∈ CB(X). So using theĆirić type F C -contractive property, we have
Using this new notion, we get the following proposition.
Proposition 2.4. Let (X, d) be a metric space and T : X → CB(X) be a mapping.
If T is multivaluedĆirić type F C -contraction with x 0 ∈ X then we have x 0 ∈ T x 0 .
Proof. Assume that H(T x 0 , A x 0 ) > 0. Then using the multivaluedĆirić type F Ccontractive property and Lemma 1.1, we get
which is a contradiction. Hence we obtain H(T x 0 , A x 0 ) = 0 and so by Proposition 2.1, we have x 0 ∈ T x 0 . Now we prove another fixed-circle theorem. Theorem 2.3. Let (X, d) be a metric space, T : X → CB(X) be a multivalued Cirić type F C -contraction with x 0 ∈ X and r be defined as in (2.1). If D(T x, x 0 ) = r then C x 0 ,r is a fixed circle of T .
Proof. Let x ∈ C x 0 ,r . If H(T x, A x ) > 0 then using the multivaluedĆirić type F C -contractive property, Lemma 1.1 and the fact that F is increasing, we obtain
which is a contradiction. Therefore H(T x, A x ) = 0 and we have x ∈ T x by Proposition 2.1.
Corollary 2.4. Let (X, d) be a metric space, T : X → CB(X) be a multivalued Cirić type F C -contraction with x 0 ∈ X and r be defined as in (2.1). If D(T x, x 0 ) = r then T fixes the disc D x 0 ,r and so T fixes the center of any fixed circle.
Proof. By the similar arguments used in the proofs of the second parts of Theorem 2.1 and Theorem 2.3, the proof can be easily seen.
Corollary 2.5. Let (X, d) be a metric space, T : X → K(X) be a multivaluedĆirić type F C -contraction with x 0 ∈ X and r be defined as in (2.1). If D(T x, x 0 ) = r then C x 0 ,r is a fixed circle of T .
Proof. Since K(X) ⊂ CB(X), by the similar arguments used in the proof of Theorem 2.3, it can be easily seen.
Notice that the converse statements of Theorem 2.3 and Corollary 2.4 are not always true. Indeed, let us consider the metric space (X, d) and the mapping T defined as in Example 2.1. Then T fixes the circle C −1,1 and the disc D −1,1 , but T is not a multivaluedĆirić type F C -contraction for the point x 0 = −1. For all x = x n , we get So using the fact that F in increasing, we have
In this case, there is no number τ > 0 to satisfy the condition of Definition 2.4. Hence T is not a multivaluedĆirić type F C -contraction for the point x 0 = −1.
Now we give the following example. Consequently, T fixes the circle C 0,3 and the disc D 0,3 .
We define the following integral type contraction.
Definition 2.5. Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then T is said to be a multivalued integralĆirić type F C -contraction if there exist F ∈ F , τ > 0 and x 0 ∈ X such that Using the notion of a multivalued integralĆirić type F C -contraction, we get the following proposition and theorem. Proposition 2.5. Let (X, d) be a metric space and T : X → CB(X) be a mapping. If T is multivalued integralĆirić type F C -contraction with x 0 ∈ X then we have x 0 ∈ T x 0 .
Proof. The proof can be easily seen by the similar arguments used in the proof of Proposition 2.3. Theorem 2.4. Let (X, d) be a metric space, T : X → CB(X) be a multivalued integralĆirić type F C -contraction with x 0 ∈ X and r be defined as in (2.1). If D(T x, x 0 ) = r then C x 0 ,r is a fixed circle of T .
Proof. From the similar arguments used in the proof of Theorem 2.2, the proof can be easily checked.
Corollary 2.6. Let (X, d) be a metric space, T : X → CB(X) be a multivalued integralĆirić type F C -contraction with x 0 ∈ X and r be defined as in (2.1). If D(T x, x 0 ) = r then T fixes the disc D x 0 ,r and so T fixes the center of any fixed circle.
Proof. The proof is clear by the similar arguments used in the proof of Corollary 2.3. Remark 2.4. If we set the function ϕ : [0, ∞) → [0, ∞) in Proposition 2.5 (resp. Theorem 2.4 and Corollary 2.6) as ϕ(t) = 1 for all t ∈ [0, ∞) then we get Proposition 2.4 (resp. Theorem 2.3 and Corollary 2.4).
